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ABSTRACT
It is the aim of this paper to investigate the use of dynamic
braking in the dead zone of a relay servo to improve its performance
as a positioning device. The torque element of the servo is a two
phase induction servomotor.
The investigation was conducted at the U. S. Naval Postgraduate
School at Monterey, California, during the period September, 1956, to
May, 1957.
The investigation was suggested and supervised by Professor
George J. Thaler of the U. S. Naval Postgraduate School. His assist-
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A Magnitude of step input
a.c. Alternating current




E Error position angle
•
E = dE/dt Error rate or error angular velocity
** 2 2
E - dE/dt = d E/dt Error angular acceleration
e. Error change during relay drop-out delay
e Error change during inductive delay
f Viscous friction coefficient
I, i Current
J Moment of inertia
K Conversion factor or amplification factor
K, Braking torque constant
K Proportionality constant relating torque and control
voltage
K Proportionality constant relating torque and motor
speed
K Tachometer constant
1 Length of rotor conductor
m Slope of motor load trajectory in dead zone
m . Slope of switching locus
mmf Magnetomotive force
m.a. Milliamperes










V Control phase voltage
c
V, Relay drop-out voltage
V Relay pull-in voltage
Z Impedance
9 Angular position
B= d#/dt Angular velocity
" 2 26= d©/dt = d <9/dt Angular acceleration
Output position angle
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q a d£/dt = d £ /dt Input angular acceleration
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ix

d/dt First time derivative
2 2





The use of the two phase induction motor is widespread in applica-
tions where the continuous positioning type of servo is used. The relay
servo, however, has been limited in its use because of the problems
associated with stability, speed of response, and steady state accuracy.
Consequently investigations into relay servos using different type motors
controlled by various methods have not been extensively carried out.
Work has been done by Thaler (1), Harris (2), and McDonald (3)
in demonstrating the use of dynamic braking in the dead zone of relay
servos. It was shown effectively that an armature shunt resistor may be
used on a d.c. shunt motor to provide an energy sink for the application
of dynamic braking. Stability, speed of response, and steady state
accuracy were shown to be greatly improved.
The objective of this paper is to analyze the use of dynamic braking
in the dead zone of a relay servo in which the motor used is a two phase
induction servomotor. It is proposed that direct current be applied to
the control phase of the servomotor in the dead zone to affect the dynamic
braking or in this instance eddy current braking. While direct current
braking is the main topic of this paper, dynamic braking obtained by
supplying an energy sink in the form of a shorted control phase is also
discussed. Both methods will be shown to be feasible and to reduce the
problems mentioned above that are normally inherent in relay servos.
Chapter II presents a historical review of the two phases of the
paper. First a review of the method of phase plane analysis is given.
This is then applied to a relay servo which has viscous friction and in

which error rate feedback is used. Secondly, a review of induction
motor theory is presented so that the operating characteristics of the
two phase induction motor under various braking conditions may be ex-
plained. Several methods of induction motor braking are discussed.
Chapter III includes a phase plane analysis of the proposed relay
servo demonstrating the dynamic braking principles involved. The practi-
cal effects of relay hysteresis, delay time, circuit induction, and
coulomb friction are shown.
Chapter IV presents the experimental verification of the dynamic
braking of the relay servo as proposed above. Torque speed tests on
various motors, retardation tests, and test runs on a relay servo system
are presented.
The results of this investigation show that the relay servo problems
mentioned in the first paragraph of this chapter are greatly reduced
when proper dynamic braking is used. Coulomb friction is shown to have
negligible effect under certain direct current braking conditions.
Relay delay time is shown to have adverse time lag effects for high speed
two phase induction servomotor systems. The response of the system is




1. Relay Servo Theory
a. Basic Concepts: Relay Characteristics
The relay servo is an all-on, ail-off system of control.
This differentiates such a servo from an continuous servo in which any
change in input is reflected by a change in output. In a relay servo the
relay is made to actuate causing a pair of contacts to close by the pres-
ence of a certain voltage input. In most applications it is desired for
the response to be positive or negative as the input to the relay is posi-
tive or negative. Consequently, a relay for such an operation has at least
two output contacts --one for positive and one for negative control. When
the input signal magnitude is sufficient, the closing of the output con-
tacts provides a completed circuit to the control field of a servo motor.
The direction of rotation of the motor is determined by whether the
relay was actuated by a positive or negative signal.
When the relay closes in either direction, the magnitude of the
control voltage applied to the motor is not a function of the relay input
signal. The control voltage is always the maximum desired by the design
of the system. This feature is one of the advantages of the relay servo
in that both maximum torque and velocity of the motor are available.
Thus when the relay actuates, the motor-load combination tends to velocity
saturate and will do so providing the time before relay drop-out occurs
is sufficiently long.
While a relay must have a pull-in potential in either direction,
+V and - V
,
it must also have a corresponding drop-out potential,

+V and -V . In an ideal relay, one with no dead zone, the relay
would pull in and drop out at the same potential; i.e., +V = +V, and
-V - -V,. And +V + (-V.) would be inf initesimally small so that any
input would actuate the relay in the proper direction. However, practi-
cally, a relay requires a certain voltage to pull in and a different one
to drop out. The two pull in potentials are usually of different
magnitudes. This is also true of the drop out potentials. Figure 1
shows graphically these relay characteristics. The dead zone is here
defined as the difference in relay input between the drop-out voltage in
one direction and the pull-in voltage in the other direction.
These relay characteristics have important effects. Since the servo
is usually designed so that the relay is actuated by an amplified signal,
the gain of the amplifying components effects the pull-in and drop-out
points. For a given amplifier input signal, a gain increase effectively
narrows the dead zone. A gain decrease widens it. Consider also that
any motor-load combination has some inherent or designed-in damping
present as either viscous or coulomb friction - friction proportional
to or independent of velocity. This damping is present and acting whether
the relay is operating in a controlling state or in the dead zone. If
the dead zone is wide enough, the friction may act long enough to brake
the motor-load to stand still without the relay closing in the opposite
direction. A more narrow dead zone will allow the motor-load to drift
through the dead zone and overshoot causing the relay to pull-in in
the opposite direction and an oscillation will occur. This oscillation
may damp out and the system "dead beat," or stop with a steady state
error, which is limited in magnitude by the dead zone width. However,

the oscillation may reach a limit cycle and continue to oscillate if
the damping is small or the gain high. Thus the stability of the system













FIGURE 1 - RELAY CHARACTERISTICS
That the relay does have a dead zone requires having three dif-
ferential equations to describe the action of the motor-load combination
--when the relay is actuated in the positive sense, the negative sense,
and when it is in the dead zone. However, since most motor-load combina-
tions can be adequately described by second order differential equations,
this is not a critical condition. The treatment of the three governing
equations using the phase plane method of analysis will be demonstrated
later.
The time delay due to the physical movement of relay parts when it
pulls in or drops out also has an effect on the response of the system.
If the system contains a motor that has a low order saturation velocity
of a few hundred RPM, the effect may be negligible. But if the motor
has a saturation velocity of several thousand RPM, the rate of signal
correction may be large enough to cause the effect of relay drop out
delay to be quite significant.

Another effect that is akin to drop out delay time is contact
arcing. If the relay is controlling d.c. current, the relay contact
opening has to be wide enough to allow breaking of the arc. The arcing
itself adds to delay time. The faster acting a relay is, the less the
r
effect will be noticed. An attempt to decrease the arcing by decreas-
ing the controlled voltage will slow the response. This in turn will
also decrease the effect of relay time lag.
When the relay is controlling an a.c. potential, the arcing problem
is not so severe, since the potential drops to zero every half cycle.
In a 400 cycle system this is a small delay. Even so, with a high
saturation velocity it can represent a considerable portion of dead zone
travel and should be recognized as a source of system instability,
b. The Phase Plane Method of Analysis.
The phase plane method is usually used as a routine for
solving the differential equations of systems of the second order. This
is done by plotting the first time derivative of the dependent variable
against the dependent variable. This effectively eliminates the indepen-
dent variable time from the solution of the problem. Included in the
routine are methods for graphically arriving at the solution in terms of
time and the dependent variable. So this method may be thought of as an
extension of the more classical transient forms of analyses.
There are several sub -methods available for carrying out the phase
plane analysis. (4) But in general the simplest to apply and one which
also gives results with good accuracy is the isocline method. As with
any analytical method that must be handled graphically, this too is
often a tedious routine. But once the isocline equation is developed
and the isocline plotted, the system response may be readily studied.
The great convenience lies in that various initial conditions may be

dealt with without much additional difficulty.
As stated above, the various methods of phase plane analyses involve
the graphical relation of the time derivative of the dependent variable
with the dependent variable. Consider a servo system in which the position
and the rate of change of position or velocity are time dependent. Then
the phase plane analysis would show a graphical presentation of position
and velocity. Any trajectory on the plot would have as its slope a value
related to the coordinate value of position and velocity. In symbolic
form the slope could be written:
ff £ < e . J > <d
If the slope so defined is given a constant value, n, then (1) be-
comes an explicit expression of a curve on the phase plane. One property
of this curve is that if a phase plane trajectory drawn as a solution of
the servo system under investigation crosses the curve, then the trajectory
must have the slope, n, at the point of intersection. When sufficient con-
stant values are supplied for n and the isoclines thus defined plotted,
the development of the phase portrait follows quite readily. The phase
portrait is the graphical solution of the differential equation with
sufficient variation in initial conditions to develop a complete picture
of the response characteristics of the system. This, of course, may con-
sist of many trajectories on the phase plane plot.
As an example consider the equation,
j e + f a + c = t (2)
which in general represents the differential equation governing a motor-

load combination of a system which is being driven by a torque T
developed by a servomotor.










e = d 6/dt,
then
»»
6_ dd_ /d9_ d_9_





And (4) may be written as,
d
'
eA @ - -\ -^ ">
Equation (7) is thus the general isocline equation in the form of
(1) and may be numercially dealt with to provide the graphical solution
of the differential equation (2) on the phase plane. A constant being
substituted for d /d 9 in (7) allows the determination of the value of
S, regardless of & , at which the slope of d 6/d6is equal to the con-
stant. Therefore in this case the isoclines, or lines of constant slope,
are parallel to the position axis. Figure 2 shows a typical solution







FIGURE 2 - PHASE PLANE PLOT
From such a phase plane solution the transient response of the
system may be developed recalling from equation (5) that e = d©/dt.




would give the time response desired.
c. The Analysis of a Relay Servo
In the previous section one method of graphically solving
the differential equations that govern a second order system was shown.
Here a relay servo system using error rate feedback as shown in Figure 3
will be analyzed.
(1) Step Input : 9 : = A
If a step input is assumed, Q- is constant and &, = -E.
Also, any change in G„ causes an equal change in E. Thus the governing
equations in Q& and Oc may be replaced by equations in E and E.
The use of tachometer feedback will be such as to cause the relay
input voltage to be less at any time. This will cause a counterclockwise
rotation of the switching locus as shown in Figure 4 and will cause the























FIGURE 4 - PHASE PLANE PLOT OF RELAY CHARACTERISTICS
10

Also shown in Figure 4 are the three zones of relay action. In Zone I a pos-
itive error of sufficient magnitude will cause the relay to close and a
negative torque to be developed at the motor shaft which will drive the
error toward zero.
The equation which governs the action of the motor-load combination
in this zone is,
J0. + f &. = T (9)
or
-JE - fE = T (10)
or
JE + fE = -T (11)
assuming that no coulomb friction is present.
In Zone II, the relay dead zone, no torque is being developed by the
motor and the equation analogous to (11) is,
JE + fE = (12)
In Zone III the relay actuates to decrease a negative error with a
positive torque and the defining equation is,
JE + fE = T (13)
11

Collecting equations (11), (12), and (13) and noting the relay switching
loci characteristics we have,
Switching Criterion
-V




















E + K«4 vd
E+
System Equations
JE + fE = -T Zone I (14)
JE + fE = Zone II (15)
»•
JE + fE = +T Zone III (16)
These are the equations for negative feedback as shown in Figure 4.
Note must be taken of the relay characteristics applying to equations (14)
and (16). With a positive error greater than that required for a voltage
of +V to be applied to the relay, the relay will close. But it will not
open unless the voltage is reduced to +V, . The trajectory on the phase
plane will be clockwise, crossing the upper switching loci from left to
right and the lower switching loci from right to left. This leads to the
shift in the dead zone about the E axis and shows the effect of relay
hysteresis upon system operation.






Defining E as dE/dt then
E/E = dE/dE - " j - |j" Zone l ( 18 >
Equation (15) becomes,
E/E = dE/dE = - 4 Zone II (19)
and equation (16) becomes,
E/E = dE/dE = - j + |j Zone III (20)
Figure 5 may represent the typical trajectory defined by equations
(18), (19), and (20) when an initial step input &. = E = A is given.
In Zones I and III the plotting of isoclines and slope markers is necessary
to complete any trajectory part in either zone. In Zone II the slope is
always -f/J and is easily drawn. It should be noted that without deriv-
ative feedback and little viscous damping, an inherent characteristic of
servomotors in general, the oscillation might not stop and the system
come to rest. Instead, a limit cycle about the origin might develop, and,
if the system is unstable, the limit cycle would be bounded by the
saturation velocity limits as shown in Figure 6. Thus the stabilizing
effect of derivative or tachometer feedback and viscous damping is shown.
Of course it must be remembered that the width of the dead zone and the
relay hysteresis zone as governed by the gain of the amplifying components
can offset the influence of both feedback and damping.
13
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FIGURE 5 - PHASE PLANE PLOT OF RELAY SERVO WITH VISCOUS
DAMPING AND TACHOMETER FEEDBACK
/-?? d.V f?OS.




To improve the stability of the relay servo viscous damping may
be added. If added during both the accelerating and decelerating stages
of the operation, the response of the system will be retarded. Therefore
it is advantageous to add such damping discontinuously and only during
the decelerating stage, i.e., during the dead zone travel of the motor-
load combination.
A direct friction brake can be employed for low power and low speed
applications where the braking is applied on relay drop out. Ideally,
assuming no slippage, braking would be instantaneous and the velocity of
the system reduced to zero immediately on relay drop out. However, the
predictability of direct friction braking is quite poor and other methods
of damping allow analysis and give good braking effects.
Dynamic braking may be employed where discontinuous viscous damping
is desired. Section 3 of this chapter explores several methods of
accomplishing this with particular regard to braking of the induction
motor.
(2) Ramp Input:©. = wt
In the previous section the general error-error rate
relay servo was analyzed with the input being a step function. This sec-
tion deals with the analysis of the same system when the input is a ramp
function. It will be shown that not only are the phase plane equations
of the system more complex, but also that the response of the system is
totally different. The trajectory of the system within the dead zone
is no longer a straight line and depending upon the magnitude relation
o
between w and & the system will develop a limit cycle or a continuously
increasing error.
Figure 4 showing the relay characteristics applies as in the previous
section, since the switching loci equations are independent of the system
15

equations. They are related in that the boundary conditions for the
system equations are set by the switching loci.
In Zone I the following equation governs,
J 9„ + f 0, = T (21)
Since,
6 = wt - E , and (22)
© o
&„= w - E , and (23)
»•
• o
ea = - E (24)
then equation (21) may be written
««





f (E - w) = -T for Zone I (26)
For Zone II the defining equation is,
JE + f(E - w) =0 (27)
and for Zone III,
JE + f(E - w) = + T (28)
Equations (26), (27), and (28) are analogous to equations (14), (15),
and (16) for the step input and may be manipulated in a similar manner to







and again noting that dE/dt = E, it becomes,




) Zone I (30)
Equation (27) becomes,
E/E = dE/dE = - j (E - w/E) Zone II (31)
and equation (28) becomes,
E/E = dE/dE = 7- - 7 (E - w/E) Zone III (32)
Equations (30), (31), and (32) are analogous to equations (18),
(19), and (20) for the step input. In (19) it was shown that the slope
of the trajectory in the phase plane in the dead zone was a constant, - f/J.
Equation (31) shows that this does not hold for the ramp input. Examina-
tion of equation (31) shows that the slope of the trajectory in the dead
zone will be zero at the error velocity where E = w. dE/dE = can
also be obtained by setting either equation (30) or (32) equal to zero, as
* T f E - w
dE/dE = - jg- - 3 (rr^) = ° < 33 )
then
T = f(E - w) (34)
and
w - T/f = E (35)
Substituting w - & for E in (35) then
e
+ T/f = e. , and (36)
E = w - e„ (37)
17

The same result may be obtained by a similar manipulation of equation
(32) for Zone III. Thus it is shown that whatever the trajectory in the
phase plane may be, it must have the slope of zero twice: once when
E = w and at E = w
-0,, which can only occur if the relay closes so
that a 0„ exists. A third slope of zero is obtained if the relay dead zone
m
is overshot and the relay pulls in in the opposite direction. Again E =
w - Og , but here in Zone III QQ is negative rather than positive as on
the initial closure of the relay.
From equations (30), (31), and (32) it can be seen that dE/dE = oo
when E = 0. Therefore, the trajectory must be vertical when crossing
the E axis at any point. The above discussion leads to a qualitative
picture of the phase plane plot of the trajectory as shown in Figure 7,
which is a plot of a system wherein there is little viscous damping and
no feedback. In such a case the motor-load combination would accelerate
to a velocity, which may be saturation velocity if motor response is fast
enough, to produce a certain error rate. If the motor-load velocity sat-
urates, the trajectory will have a zero slope in Zone I. If it does not,
the trajectory will go through zero slope at the drop out point--on the
boundary of Zone I. The trajectory proceeds across the dead zone with
almost zero slope (see equation (31) with f_ very small) and the relay
pulls in in the reverse direction. As & decreases from its dead zone
*
exit value to zero and then increases in the negative direction, E increases
from w - [6^ j to w + \&o
J
. Again the slope goes through zero at
-V or in Zone IIIo With a negligible inherent viscous damping the oscil-
lations, which may commence with less than output velocity saturation,
will quickly build up to that shown in Figure 7.
The addition of negative feedback does not alter the fact that a
limit cycle will be reached, since it does not enter directly into the
18
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FIGURE 7 - PHASE PLANE PLOT OF RELAY SERVO WITH RAMP INPUT
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system equations. However, since boundary conditions are set by the
switching loci, the shape of the Limit cycle, its maximum limits in
error and error-rate, and the frequency of the cyclic oscillations will
be altered by feedback. With negative feedback the maximum error devia-
tion and the maximum error-rate deviation will be decreased and the
frequency of oscillation will be increased.
If viscous damping or dynamic braking is employed, the slope in
the dead zone may be altered to the degree that the system does not pull-
in in the reverse direction. In such a case the limit cycle will be
limited to Zones I and II. Again the zero slopes will be in Zone I
where E equals the maximum attained value of w -0and in Zone II where
E equals w, which is the positive limit of the error rate, since at this
point 9 is equal to zero. Figure 8 shows this effect of dynamic braking.
The effect of dynamic braking may be optimized by the use of error-
rate feedback. Again, the reduction in error deviation and error-rate
deviation is gained along with an increase in frequency of oscillation.
This is shown in Figure 9.
Another method of stabilizing the system which may be used to dead
beat the response at an error slightly greater than+V is by the use of
an magnetic eddy current brake operating on fi^ . Having determined the
input rate, the output rate is limited to that value so that 9, = w.
Therefore the error rate would be zero and the system would hang at
the error where this equality is reached. Figure 10 shows the trajectory
of such a system. Figure 10 is ideal in the sense that the error-rate
cutoff is sharp. Practically, the output velocity would reach the
limiting value with nearly zero slope causing an increase in error from
the ideal. Or the limit velocity of the output could be made slightly
20

greater than that necessary for dead beat operation which would lead to
a very small limit cycle. Then some method of self-adjusting control
could be used to decrease the braking until the relay "chatter" stops.
Ideally, such a method could lead to the development of a system which
would continuously follow a ramp input with a constant error which could
be made to approach zero as the dead zone is narrowed.
-±
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2. The Two Phase Induction Servomotor
Whether an induction motor is to be used for large power appli-
cations or to deliver a few ounce-inches of torque, whether it is a
three, two or single phase motor, as far as the basic theory is concerned,
there is really no difference. The application directs the design alter-
ations that permit variation in the characteristics of the particular
induction motor. In this section it is planned to outline some of the
variable physical features of the polyphase induction motor. In the
following sections the methods with which these variables are dealt to
produce the two phase induction motor will be examined. And, finally,
the operating characteristics of the two phase induction servomotor will
be explained for normal excitation, single phase excitation and semi-single
phase excitation.
a. Theory of the Induction Motor (5)
The premise upon which all motor theory is based is that
a conductor capable of carrying current is in motion in a magnetic field.
In the induction motor both the field and the rotor with its conductors
rotate. The field rotates due to the excitation of the phase windings
in the stator in a particular manner. For instance, in a three phase
induction motor the windings of the stator are such that within 180 elec-
trical degrees (for a full pitch winding) three phase belts occur. Each
phase belt includes one side of the coils for one phase winding. Thus the
second phase windings are placed 60 electrical degrees out of phase with
the first and the third phase 120 electrical degrees out of phase with
the first. The phases are then excited in turn by sinusoidally varying
potentials which are 120 electrical degrees out of phase. The variation
in magnitude of the applied voltage to any one phase produces an mmf
22

which varies in amplitude in time phase with the current amplitude in
the winding. The mraf, in the full pitch winding, contains all of the space
harmonics of a square wave, that is, a fundamental and the odd harmonics.
These all fluctuate sinusoidal ly in amplitude at line frequency, the
frequency of the applied voltage. The magnitude of the fundamental is
4/n times as large as the magnitude of the square wave. The third har-
monic is 4/3n times as large as the square wave; the fifth 4/5n as large,
etc. Each harmonic is a standing wave varying sinusoidally in amplitude.
Such a wave type can be substituted for by two waves fixed in amplitude
that move in opposite directions at the proper velocity. To produce
the standing wave the gliding waves must be equal to half of maximum of
the standing wave in amplitude and move at synchronous velocity. The
synchronous velocity is a function of the frequency of the standing wave
and the number of poles it encompasses. Thus it is possible to replace
the harmonics which are stationary in space and sinusoidally varying in
amplitude by waves constant in amplitude and each rotating at its syn-
chronous velocity-half in one direction and half in the opposite direc-
tion.
The winding position and the excitation sequence of the three windings
result in a specific summation or cancellation of the gliding waves. For
the full pitch, three phase winding, the fundamental waves gliding in one
direction add while those in the other direction completely cancel out
each other. This results in one wave which has an amplitude three times
as large as the individual gliding waves and which is traveling around
the rotor at the synchronous velocity of the machine. The third harmonic
is completely cancelled out in both directions and the fifth space
harmonic becomes a wave revolving opposite to the fundamental at one
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fifth the velocity of the fundamental. Frequently it is desired to
suppress various harmonics and this is accomplished by selecting the proper
coil pitch and the number of slots per pole per phase.
The revolving mmf for a two phase induction motor may be deduced
in the same manner by an investigation of the gliding waves set up by
two phase windings wound 90 electrical degrees apart and excited out of
phase by 90 electrical degrees. These also produce a fundamental mmf
revolving at synchronous velocity plus harmonics which revolve with and
against the main mmf with slower velocities and lesser magnitudes. In
most analytical studies concern is taken only with the fundamental, it
being assumed that the other space harmonics can be eliminated by design
or at least made negligible in their effect.
From the development of the revolving field it is a simple step to
the motor action involved in the induction motor. Considering the rotor
to be at standstill, the mmf of the stator sets up a revolving flux field
in phase with its mmf. The flux passing over the rotor conductors induces
in them voltages which in turn cause current to flow. The induced current
in the conductors is in such a direction as to cause a force to be de-
veloped on the conductors in the direction of the rotating field. The flow
of current in the rotor conductors produces a secondary mmf which moves
with a velocity relative to the rotor which is the difference between the
actual rotor velocity and the synchronous velocity. This is usually termed
slip velocity. Since this secondary mmf is set up by rotor currents, it
is carried along by the rotor so that its velocity with respect to
the stator is synchronous velocity. Thus, it is stationary with respect
to the primary mmf and adds to it. It is this combined mmf that sets up
the actual revolving flux field.
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This addition of mrafs is the basis for the analysis of the induction
motor with a transformer type circuit diagram.
5 (^'iw: M*1*^) - &n^
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X
FIGURE 11 - EQUIVALENT CIRCUIT DIAGRAM - INDUCTION MOTOR
From such an equivalent circuit as shown in Figure 11, the torque
developed in synchronous watts is given by














I may be replaced by its equivalent
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If for a given motor design, where all of the quantities in (41)
are constant with the exception of S, torque is plotted as a function of
S, a curve such as in Figure 12 will be formed. By differentiating
equation (41) and setting the result equal to zero, the relation between
















FIGURE 12 - TORQUE vs VELOCITY CURVES
Since X., X~ , and R cannot be varied with any good effect, it becomes
obvious that S for maximum torque is directly proportional to R
2
. To de-
termine the relation between maximum torque and R„ substitution of equa-





















Equation (43) shows no dependence on R_ for maximum torque. Thus,
looking at Figure 12, the point of maximum torque may be moved up or down
the maximum torque line by merely varying R . For a given design, as R_
is increased the point of maximum torque moves down. In power applica-
tions where wound rotor induction motors are normally used, additional
resistance is added to the rotor circuit at starting but removed as the
machine comes up to speed. This is done to prevent a lowering of efficiency
which would result for sustained running with the added high rotor re-
sistance. However, this dependence on L of S for maximum torque is the
important design variable in the two phase induction servomotor.
b. Operating Characteristics of the Two Phase Induction
Servomotor
(1) Normal Operation
As mentioned in the preceding section, the slip velocity
at which maximum torque occurs is dependent upon the magnitude of the
rotor resistance. Although the efficiency of the induction servomotor
is decreased, the rotor resistance is maintained at a permanent high
value. This is done to provide for one of the two basic characteristics
of the induction servomotor. This is, that the motor develop maximum
usable torque at standstill. This characteristic allows for rapid re-
sponse of the system. Carrying the increase in rotor resistance further
than in Figure 12, it can be seen in Figure 13 that the point of maximum
torque can be moved down into the region where S is greater than unity.
If R~ is increased beyond that value which produces maximum possible
torque at starting, the maximum possible torque would be obtained only
if the rotor were moving backward with respect to the field. This is
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an unlikely situation, to be sure, and although the maximum usable torque





R_ for max. torque
at starting
torque
FIGURE 13 - TORQUE vs VELOCITY CURVES
possible torque obtainable from the machine with less rotor resistance.
However, from Figure 13 another desirable characteristic of an induction
servomotor may be seen. With R_ increasing the torque-speed curve becomes
more linear in the operating range. Although this feature may be desired,
it is by no means a required characteristic. Consequently, while all
two phase induction servomotors are designed with a rotor resistance
sufficiently large to insure that the torque-speed curve has a negative
slope at zero speed, the resistance is not large enough in most to insure
a near linear torque-speed curve. One point should be emphasized with
respect to this negative slope at zero speed. Unless a motor has this
characteristic, its use in closed loop control systems will make the
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system unstable unless sufficient load friction or derivative feedback
is provided. (6)
In the following chapter where the phase plane analysis of the pro-
posed system is undertaken, the assumption is made that the torque-speed
curve is linear whe* the motor is operating normally. Also the internal
damping factor, which is a component of the coefficient of the velocity
term in the differential equation that governs the motor-load combination,
is assumed constant. In applications where the motor is operated with a
varying control voltage, it is generally assumed, also, that the vari-
ation of torque with control voltage is normally linear. It has been
shown that in general these three assumptions are not valid. (6)
However, choosing a motor of the proper design will make the first two
assumptions valid. Using a relay control so that the control voltage
is all-on or ail-off eliminates the need for the third assumption.
(2) Single Phase Operation
In a servo application where the possibility of the
control phase being equal to zero is considered, it must be assumed
that the motor is in a single phase condition. Here the reference phase
remains excited normally and the control phase is open. In a true single
phase condition the impedance as seen by the control winding at its open
terminal is infinite, and consequently no current may flow through it.
It has been explained that when the stator impedance is high or the
impedance of the exciting circuit is low in comparison to rotor impedance,
the motor will not develop a single phasing torque. (6) This is the
second basic characteristic required of two phase induction servomotors.
It is desired that a single phasing torque not be developed at any speed
at which the motor may be caused to rotate. A somewhat more exacting
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analysis has been made by Chang. (7) He has shown that with the control
phase voltage at zero, a motor will develop negative torque (braking)
single phase at all speeds only if IL > |z| where Z is a parallel combi-
nation of the exciting impedance with stator impedance in series with
external control impedance and this combination in series with rotor
reactance. If R^ is <^ |z| then single phasing will develop in the
range where






In (44) S is defined as the ratio of actual rotor speed to synchronous
speed.
In the proposed application where the control voltage circuit is
to be opened or closed by relay action, the control winding will see at
its terminals an infinite impedance when the relay drops out. The velocity
of the motor at that time will depend upon the size of the step input
and the rate of motor response. Since the velocity can be near zero or
near saturation depending upon the conditions stated, the motor may tend
to single phase during the short interval of time between relay drop-
out and the onset of the dynamic braking.
(3) Serai -Single Phase Operation
Semi-single phase operation concerns the condition where
the control phase voltage is removed but in which the control phase is
looking into a finite impedance at its terminals. This condition would
occur where the control phase is shorted directly or through an impedance.
Koopman has shown mathematically by the method of symmetrical components
that such an operation always results in a negative (braking) torque,
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when imposed on a two phase induction servomotor. A necessary motor
characteristic for such braking is that the motor have a torque-speed
curve of negative slope at the zero speed position. The degree of lin-
earity of the resulting torque-speed curve will depend upon the overall
shape of the motoring torque-speed curve for the range of S from S =
to S = 2. For negative torque, or braking, at all speeds, it is necessary
that the value of the torque from S = 1 to S = 2 be always greater than
the torque from S = to S = 1. For a motor having the characteristics
shown previously as being desirable, this latter torque relation will
be inherent.
Some care must be taken when considering semi-single phase operation.
If the control phase is shorted through a resistance of sufficient mag-
nitude that the induced control winding current becomes negligible,
the action of the motor will be as though it were operating single phase.
This phenomenon is of some concern in this investigation, since with
direct current braking the magnitude of the direct current is limited by
a variable resistance in series with the control winding. Thus for small
braking currents, it is quite feasible that inadvertently a large enough
value of resistance will have been added to the control circuit to make
a motor that will normally not single phase do so. What has effectively
occurred in this case is that the magnitude of |z| as noted preceding
equation (44) has been increased to a value greater than R~. Hence single
phasing occurs.
3. Induction Motor Braking
Aside from the direct friction method mentioned earlier, there
are many possible methods of stopping an induction motor. The obvious
method is to disconnect it from the supply and, in many power applications,
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where the polyphase induction motor is the prime mover, this is the
method used. Another equally simple method, but one which has frequently
become quite complicated in application, is the practice known as block-
ing the motor. This is merely the reversal of two of the phase leads.
This amounts to the reversal of one phase of a two phase motor so that
the driving torque is in the direction opposite the rotation. Where
the starting torque of the machine is low, this method may be readily
used. However, for the induction servomotor which has a high starting
torque the problem with blocking arises in the removal of the reversed
phase excitation at the exact instant that will let the motor stop with-
out a velocity reversal. With low inertia rotors, blocking to standstill
and reversal to full reverse velocity can occur in a fraction of a second.
The use of an eddy current magnetic brake has in recent years come
into fairly wide use in speed control of many types of motors and is
excellent for maintaining precise speeds which are required in some manu-
facturing processes. However, the application is generally to remove the
braking force as the normal load increases allowing the motor to carry
the increased load without a change in speed. Then when the load is de-
creased, the braking load is reapplied so that effectively the load on the
motor is constant. It was shown earlier in this chapter that such a
braking scheme might be feasible for operating a relay servo with a known
ramp input.
Another method of braking an induction motor is the application of
a d.c. potential to one phase when the a.c. potential to that phase has
been removed. It was concluded by Specht that for most power applications
this method was not as practical as blocking the motor. (8) This conclusion
was based primarily on the fact that since the rotor voltage is proportional
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to the slip, that with d.c. braking the induced voltages in the rotor
at near synchronous speed would be nearly twice that at standstill. In
a wound rotor motor the danger of insulation breakdown seemed to over-
shadow the reduced energy requirements of the d.c. braking. For in
2
d.c. braking only the I R loss of the control winding is necessarily
assumed, while with a.c. braking the act requires fuLl torque power.
Kirkpatrick in a paper published in 1923 noted that when direct
current is applied to one phase of a wound rotor induction motor with a
high resistance added to the rotor circuit, the torque-speed curve ob-
tained is practically linear. (9) He also noted that the torque-speed
curve for d.c. braking with no added rotor resistance was an inverted





FIGURE 14 - MOTORING AND BRAKING TORQUE -SPEED CURVES
Hollander has proposed the braking of two phase induction servo-
motors with direct current to one or both phases. (10) When one phase
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direct current application was made, the reference phase was left nor-
mally excited. He also demonstrated the effect of braking by applying
an a.c. potential, of the same phase as the reference phase, to the con-
trol phase. He showed that for any given velocity the braking so obtained
was greater than that obtained by braking with a comparable d.c. current.
The results of his experiments are shown in Figure 15. Besides the
braking methods mentioned above, Figure 15 also shows a partial curve
obtained by short circuiting the control phase. These experiments were
motivated by a desire to obtain a braking torque very near standstill.
Another possibility for braking the two phase induction motor is
that of shorting the control phase with a suitable capacitance. The effect
is similar to a direct short but has the advantage that the capacitance
can be left in the control circuit at all times with little effect on the
performance of the motor and still be immediately available for braking.
In this paper it was proposed that the following braking methods be
investigated to obtain the desired dead zone viscous damping of the motor-
load combination:
1. Direct current application to control phase at relay drop-out.
2. Direct short circuit of control phase at relay drop-out.
3. Capacitive short circuit of the control phase at relay drop-out.
















1. Phase Plane Analysis
a. Quasi -Optimum System
The proposed system may be called a quasi -optimum system
because it departs only slightly from the optimum or best system for the
operating conditions. In the optimum system the load is accelerated under
maximum torque to the point where deceleration under maximum torque is
commenced. Then the load is driven to a position of zero error, reach-
ing this point simultaneously with a zero error-rate. Another optimizing
requirement is that there is no overshoot. In actual practice the attain-
ment of the optimum system would require the use of some type of non-
linear switching device or network to accomplish the torque reversal at
the proper instant. Several methods have been proposed and are noted by
Thaler (4) but in each case the design is either extremely difficult or
expensive.
The proposed system meets the requirements of the optimum system
in that there is one accelerating period, one decelerating period, and
no overshoot. The departure from the optimum comes in that the decelera-
tion is not accomplished at optimum torque. Hence the time of response
will be greater than optimum.
This quasi -optimum system will use a two phase induction servomotor
to accelerate the load and velocity proportional viscous damping for
braking or decelerating the load. The braking will be accomplished by
the application of a d.c. potential across the control phase winding
when the relay opens at the end of the accelerating period. Figure 16 shows
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trajectories in the dead zone of a relay servo on a phase plane plot
where one has only the inherent viscous friction acting and the other
has additional viscous damping as proposed.
c£
FIGURE 16 - PHASE PLANE PLOT OF RELAY SERVO WITH AND
WITHOUT ADDITIONAL VISCOUS DAMPING
In the proposed system the inherent viscous friction will be limited
to a very small value. Tachometer feedback will be used to rotate the
switching loci counterclockwise to cause relay drop-out anticipation.
In this way the trajectory on the phase plane may be shown as in Figure 17.
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FIGURE 17 - PHASE PLANE REPRESENTATION OF THE PROPOSED




To analyze the system the following assumptions must be made:
1. There is no time lag in the drop-out of the relay.
2. Introduction of maximum braking force occurs simultaneously
with relay drop-out.
Practically, these assumptions will not hold true, and the actual
relay servo trajectory must lie within the dead zone and not on the
boundary as shown in Figure 17. However, the validity of the two assump-
tions is subject to design modification; therefore, the analysis will be
no worse for having made them.
Figure 18 is a block diagram of the proposed system with a sufficient















FIGURE 18 - BLOCK DIAGRAM OF THE PROPOSED SYSTEM
This is very similar to the relay servo analyzed in Chapter II,
but here we do not wish to ignore coulomb friction and dynamic braking in
the dead zone must be accounted for. Also two amplifications are caused





The equations governing the trajectories in the phase plane for the
motor-load unit are,
JQ + ib + C = + T Zone I (45)
J H + f€t + C - -Tbraking Zone II . (46)
J9c + f 9U + C » - T Zone III (47)
with the understanding that C always opposes the velocity. As with the
step input analysis of Chapter II, €> = - E and & = - E. Thus (45),
(46), and (47) may be written
r
JE + fE - C = - T Zone I (48)




JE + fE - C = + T Zone III (50)
For the two phase induction servomotor the torque is proportional to
the speed and to the voltage applied to the variable phase. (4) Thus,
i - »-;» + ¥





r1 = K (53)}e e
The assumption that the torque constants K and K are constant is
not always a valid one. (6) However, in this particular application it is
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The physical system will use a servomotor in which the variation of torque
with speed will depart from a linear relation by a negligible amount. And
in the relay servo, since only rated voltage will be supplied to the vari-
able or control phase, the variation of K from an actual constant value
e
is of no consequence.
Thus the Zone I equation may be written as,







where K e. is a constant value, V . Manipulating for phase plane
plotting (54) becomes,
JE + E(f+K) -C = -V; then (55)
n c v '
E/E = % = - ( f + Kn ) - (Vc + C ) Zone I (56)dE T~ ~JE
Equation (50) for Zone III can be similarly formed into
E/E
" dE * " (~T-^> + (^F-) Zone III (57)
Since in both Zones I and M the motor-load unit is undergoing an
acceleration the effect of coulomb friction is negligible. With equations
(56) and (57), a knowledge of the motor-load constants allows a plotting
of horizontal isoclines for selected slope values for dE/dE in Zones I
and III quite readily.
In Zone II it was assumed that the braking force acted immediately
on relay drop-out. Therefore, the application of a d.c. potential to
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the control phase is assumed to build up immediately a stationary field
of strength B in the motor air gap. Then the torque opposing the ro-
tation will be,
T
b = Blir (58)
where i^ is the average current induced in a rotor conductor of length 1.
Since the voltage and, hence, current in the rotor is proportional to the
rate at which the conductors cut the lines of flux, (58) may be written,
T
b = V- (59)
or since ©a = - E
T
b - " h E (60)
Therefore, (49) can be rewritten as,
JE + fE - C = - K bE and (61)
for phase plane plotting this may be formed into,







af Zone » ( 62 >
Except for the term C/JE, the slope, in the dead zone, of the tra-
jectory would be constant and equal to - (f + K,/ J). Thus, the effect
of coulomb friction in the dead zone becomes apparent, remembering that
coulomb friction always acts in the direction to oppose the velocity.
As the error-rate approaches zero, the coulomb friction effect increases
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the slope of the trajectory toward the vertical, adding to the braking
effect. Thus the system will dead beat with an error slightly larger
than if the coulomb friction were ignored. It should be noted that even
though E approaches zero, the fraction C/J is normally very small. The
time that coulomb friction is effective may indeed be quite short, if the
amount of viscous damping due to the dynamic braking is large. In other
words, if the ratio K, /J is very much larger than C/J, the effect of
coulomb friction on the dead zone trajectory may be negligible.
It is now necessary to determine the various system constants neces-
sary to make the dead zone trajectory and the switching loci parallel.


















By equating applicable parts of equations (62) and (64) and neglecting
CJ/E, we have
(f + K.) K_3—
-
" Kt (65)
It was noted above that the proposed system would be designed so
that the factor f/J would be negligible. Therefore, the matching of the
slope of the trajectory to the relay switching loci is merely a matter of
varying the amplification of the error signal and/or the amount of tacho-
meter feedback for a given d.c. braking current. A more detailed
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method of the computations required is carried out in Appendix A and
Appendix B.
If a ramp input, Q = wt, is used instead of a step input, then an
alteration in equation (62), the dead zone isocline equation, is to be
expected. Equation (46) for Zone II becomes
JE + f(E - w) - C - T = (66)
where T
fa
= K, 6a - K, (w - E). Then (66) becomes,
JE = - (f + 1^) E-|-(f + i^) w + C (67)
Rearranging and dividing by dE/dt,
T/l . 4 - - ( f * h£ l • "> + % Zone II (68)dE
Equation (68) is analogous to (62) for the step input. Even if the effect
of coulomb friction in (68) is negligible, the fact that E is varying with
time will make the slope of the trajectory a variable also. The calcula-
tions required for the system constants for a ramp input are also shown in
Appendix A and Appendix B.
b. The Practical System
In the preceding section the analysis was carried out under
a set of idealizing assumptions. These were: that there is no relay time
lag at drop-out, negligible inherent viscous friction, immediate appli-
cation of the d.c. potential at drop-out, and negligible rise time in
the build up of the stationary field in the motor. All of these conditions,
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If they are not negligible, have an effect on the dead zone trajectory.
In any practical system these must be dealt with to assure optimization
of the system with the components available. As was noted in Chapter II,
drop-out delay is due to the inertia of the moving relay parts in opening
to an air gap sufficient to break the arc. In the proposed system wherein
a 400 cycle, 115 volt supply is used, the delay at any time will be a
combination of the effect of arcing and relay inertia. If the relay
starts opening when the control potential is near zero, the total delay
will not be as long as if the potential were at its maximum value. Added
to this delay will be the delay in the closing of the d.c. contacts. It
is possible, however, to have the d.c. arc strike with or slightly before
the breaking of the a.c. arc. This could eliminate or at least minimize
this delay of d.c. contact closure.
The build up time of the stationary field is not negligible. An
initial curvature on the phase plane will be noted immediately after the
d.c. contact is made.
With a negligible amount of viscous friction in the motor-load
combination one might expect that on the phase plane plot, between the
time of true drop-out and the striking of the d.c. arc, that the trajectory
would be horizontal. However, the two phase induction servomotor has
design criteria that add viscous friction in this particular interval.
These are that the motor will not run or start single phase. This feature
of the two phase induction servomotor is essential. Thus, although the
effect of viscous friction is negligible when the control phase is
normally excited, the effect in the dead zone may be noticeable. Figure
19 is a phase plane plot in which all of the above mentioned effects are
brought out. If the delays noted in Figure 19 are consistent, then in
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.the calculations for dead zone width or desirable dead beat error position,
the effect of such delays may conveniently be given consideration.
/£)£& L D/eaP Our
FIGURE 19 - PHASE PLANE PLOT OF AN ACTUAL DEAD ZONE





To verify the theory as set forth in the preceding chapters, a
series of experiments were conducted,, These were designed to lead to
the evaluation of discontinuous damping of a relay servo, the torque ele-
ment of the servo being a two phase induction servomotor.
The experiments were of three categories. First, the torque-speed
characteristics of three two phase induction servomotors were determined
using direct current braking, resistance and capacitance short circuit
braking, and open circuit braking. Then the retardation, or position
versus velocity, characteristics for one of the three motors were deter-
mined under the same braking conditions. Finally the relay servo was
built up using the latter motor. The servo was subjected to various step
and ramp inputs and the relay operated with various dead zone parameters
to determine the effect for the several braking methods upon the rate
of response, stability, and the static accuracy of the system.
1. Torque-Speed Tests
a. Direct Current; Open Circuit; Short Circuit Braking Tests
The three motors chosen for the torque-speed tests were a
Kearfott 400 cycle, a Diehl 400 cycle, and a Diehl 60 cycle motor. All
three as noted above are two phase induction servomotors. There was
no apparent reason to select one two phase induction servomotor in pref-
erence to any other. The choice as made was based on the availability
of the motors and the manufacturer's data.
A dynamometer was used to obtain the torque-speed characteristic
curves. This device utilized a d.c. motor, coupled to the motor being
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tested through a hydraulic transmission. The rotor of the induction
motor was the driven part and torque developed was observed as an
attempted rotation of the stator. The stator was rigidly connected to
a cross arm and both were free to rotate. The cross arm was marked so
that calibrated weights could be used to counterbalance the torque being
transmitted to the stator at various rotational speeds of the rotor. The
rotor velocity was measured directly by a hand tachometer or stroboscope.
To examine completely the torque speed characteristics of the
three motors when a d.c. current is passed through one or both of the
phases, the following tests were made.
CONTROL PHASE
1. Direct Current from three sources
(battery, full rectified 400 or 60




4. Direct Current - one value from
the three sources
5. Direct Current - one value from
the three sources
6. Direct Current - one value
REFERENCE PHASE
Energized with 115 volts, 400
or 60 cycle.
Energized as in 1.
Energized as in 1.
Not energized - open
Not energized - shorted
Direct Current - one value
(1) Kearfott 400 Cycle Motor Tests
This motor was the first tested and Figures 20, 21, and
22 describe the results of these tests. Figure 20 shows the variation
in braking torque with velocity when various magnitudes of direct
current are passed through the control winding with the fixed phase
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normally excited. This figure incorporates the torque-speed curves
derived when the control was open and when the control was shorted. The
motoring torque curve on the left of Figure 20 is from the manufacturer's
data on the particular motor.
Figure 21 shows the torque-speed curves developed when a specific
direct current magnitude was passed through the control winding and
the fixed phase was subjected to various excitation. A direct current
of 200 ma. was imposed on the control phase since this was an intermediate
t
value for the magnitudes used in Figure 20. The 200 ma. curve from
Figure 20 is plotted on Figure 21 for comparison.
Figure 22 shows a comparison between the use of a battery d.c.
source and full wave rectification of the 400 cycle supply. The tests
were also made using half wave rectification. However, motoring occurred
with all three motors. No attempt was made to stop this motoring by the
use of filters.
Various points should be noted in the three figures for this motor.
The torque-speed curve when acting with both phases normally energized
is nearly linear. The braking curves developed with application of a d.c.
supply to the control phase is as linear as the experimental method could
detect. The torque due to the inherent viscous friction of the motor
with the control phase open is always opposite to the rotation. This is
of some importance, since this shows that under normal operating con-
ditions this motor will not single phase from any speed. The torque
developed when the control phase only is shorted is also always positive
as expected and is linear with respect to velocity. The braking torque
developed by shorting the control phase is approximately the same as




















current approximates the braking, if the control phase is simply opened.
The braking torque for 350 ma. attains a magnitude at rated velocity
about equal to the starting torque for the motor. Higher values of
braking torque could have been obtained. The effect on braking of the
reference phase being open, shorted, or normally energized is negligible
when direct current braking is used.
(2) Diehl 400 Cycle Motor Tests
The investigation of this motor was limited to about one-
half of its maximum speed due to the output maximum velocity of the dyna-
mometer of about 6000 RPM. However, the values obtained are a good in-
dication of the information desired from the tests and the speed limita-
tion is not important. The stroboscope was used to measure the maximum
no load single phase velocity. In this instance the rotor was disconnected
from the hydraulic transmission and allowed to run free.
Figures 23, 24, and 25 for the Diehl 400 cycle motor represent the
same type of data as given in Figures 20, 21, and 22 for the Kearfott
400 cycle motor. Some pertinent features displayed by these figures
should also be noted. The motoring torque-speed curve is much less linear
than for the previous motor. The braking torque-speed curves are also not
linear. With the use of a high value braking current, the curve obtained
is almost an inverted mirror image of the motoring torque curve. The con-
trol open circuit curve shows definite single phasing. The braking curve
for the condition of the control shorted is linear.
An interesting part of the investigation was noted when the control
phase for this motor was shorted through various resistances. At a short-
ing resistance of 250 ohms or greater the motor would single phase.
Below 200 ohms the motor developed braking torque. When a 115 volt d.c.







































serted as a current limiter, it was found that the motor would single
phase and carry a maximum braking current of 100 ma. Since this is
essentially the method used in direct current braking, it is obvious
that part of the d.c. braking current is being dissipated in overcoming
the single phasing torque. Since the single phasing tendency is not a
linear relation with speed, the torque speed curves for direct current
braking should also not be linear. This has already been pointed out as
the case in Figure 23.
The effect on braking by varying the control short circuited re-
sistance led to the use of capacitance short circuit braking. The ad-
vantages have been discussed in a previous chapter and the experimental
results of such control circuit manipulation will be shown later.
(3) Diehl 60 Cycle Motor
The Diehl 60 cycle motor investigated has a no load
speed of approximately 3350 RFM and a maximum starting torque of 5.5
ounce-inches. Figure 26 shows that with only 200 ma. of direct current
a higher braking torque can be obtained. Figures 27 and 28 are comparable
to Figures 21 and 22 for the Kearfott motor. These latter figures also
show the lack of effect of reference excitation on d.c. braking and the
small variation when full rectified 60 cycle voltage was used as the brak-
ing potential.
It should be noted in Figure 26 that while the braking torque-speed
curve is not linear for 200 ma., it is nearly so for velocities under
1500 RPM. For a direct current of 350 ma. the linearity reaches to
2500 RPM. This could be put to advantage wherein the motor speed was
restricted by a viscous damping proportional to the speed. So loading the









partial utilization of the advantages of the proposed system,
b. Braking with Capacitance Short on Control Field
The torque-speed curves for the three motors already dis-
cussed were then determined under the condition of a shorting capacitor
being inserted across the control terminals of the motor. The fixed phase
was energized with the appropriate 400 or 60 cycle supply and the rotor
was driven by the dynamometer at a fixed velocity in the mid -speed range
of the particular motor. The value of capacitance was varied from zero
(open circuit condition) to a value above that necessary to provide voltage
and current resonance of the control winding.
With each motor so connected it was found as shown in Figures 29, 30,
and 31 that the braking torque developed dropped to a minimum and then in-
creased to a value where it remained relatively constant regardless of
the magnitude of capacitance used. The minimum braking occurred at a value
greater than that necessary for current resonance. With both the Diehl
motors, single phasing torque increased at voltage resonance. The Kearfott
400 cycle motor could also be made to single phase at low velocities where
the peak negative torque was sufficient to overcome the open circuit brak-
ing torque. However, the optimum capacitance determination for the Kear-
fott 400 cycle motor was made at a velocity of 4000 RPM where, regardless
of capacitance, single phasing will not occur.
In any situation where such a scheme is used for braking, the
smallest capacitor compatible with obtaining the near maximum braking
torque would be used. This optimum capacitance as noted in Figures 29,
30, and 31 was then used to develop the torque velocity curves for the
particular motor.
The results determined as shown in Figures 32, 33, and 34 have super-











should be noted that this type of braking also gives particularly linear
torque-speed curves. In the 400 cycle motor tests the capacitance short
method gives slightly better braking results.
2. Retardation Tests
Due to the linearity of the torque-speed braking curves for all
of the imposed conditions, it was decided to use a Kearfott 400 cycle
motor for the actual relay servo.
From the results of the previous experiments, it could be concluded
that the retardation--velocity versus position--curves for the motor will
be linear. However, this is without any consideration being given to the
effects of coulomb friction. The motor will possess some coulomb friction
and this effect, which will manifest itself in the dead zone, can be de-
termined.
For this determination the Kearfott motor, the gear train, tachometer,
and error detector were assembled as they were to be used in the complete
servo. Such an assembly includes all of the friction bearing members
of the servo. The relay was closed by hand until saturation velocity of
the mechanism was attained. The relay was then released and the assembly
allowed to coast or was braked to standstill. The voltage output of the
tachometer, as an indication of velocity, and the output of the error
detector, as an indication of position, were fed as inputs to a two channel
Brush Recorder. The recorder tapes were replotted in Figures 35 and 36 to
obtain the velocity-position curves. These curves will then be the same
as the servo system dead zone trajectory curves on the phase plane
except for the effect of circuit inductance and the various time delays.
Figure 35 shows the retardation curves for the particular assembly





current applied for braking. It can be seen that the effect of coulomb
friction is greatest at lower values of direct current and negligible for
magnitudes of direct current above 250 ma.
Figure 36 records the effect of coulomb friction when a capacitor
short is applied to the control phase. It can be seen that the effect
for capacitance shorting is less than for a direct short. In these
particular tests a capacitance of 1.05 micro-farads is near optimum. The
reason for this variation from that shown for the capacitance braking
runs is that a different motor, although the same model, was used.
The gear train reduced the velocity of the motor to the error detec-
tor potentiometer by 496 to 1. The saturation velocity of the motor was
454 RPM. The angular travel of the potentiometer under 350 ma. of braking
current was found to be 2.2 degrees. This would then represent 3.05 rev-
olutions, from saturation velocity to standstill, for the motor.
3. The 400 Cycle Servo System
Figure 37 is a schematic diagram of the relay servo as used to
test the proposed theory. Amplifiers from a Boeing Computer were used to
afford both amplification and addition of the various signals. A two
channel Brush Recorder was used with pickups at the points shown for re-
cording of error and error rate simultaneously.
This servo as shown was used for step inputs up to values near ampli-
fier saturation. The reference voltage was chosen as 36 volts merely for
convenience in making calculations. Higher step inputs could have been
obtained with lower reference voltages. However, since the system did
velocity saturate with the step inputs obtainable, no experimental worth
was lost in using the convenient voltage.
Fifty-nine runs were made to examine the dead zone trajectory of the












enumerated. In some cases tach feedback was varied or omitted to check
relay drop-out time lag. In others it was varied along with the dead
zone width to obtain parallelism between the drop-out switching locus and
the trajectory of the system. The system gain was varied to obtain the
minimum dead zone that would allow the system to dead beat without os-
cillation. Retardation runs were repeated for the system operating auto-
matically to investigate the effect of the various braking methods on
relay drop-out. This would allow a comparison of the control short cir-
cuit methods of braking. Forty-seven runs were thus used to develop or
firm up methods of calculation and to establish operating procedures.
The remaining twelve runs were precalculated and the system gain con-
stants preset and runs made without any adjustments to afford better re-
sults. It was felt that in this way the advantage of the predictability
of the dynamic braking methods could be exploited. If any variation
occurred that would show detrimental effects, then this method would
point them out.
Since the runs preceding the system retardation runs were for de-
veloping operating procedures only, no further discussion of them will be
made. Figure 38 shows the results of runs (38) to (47) which were the
repeated retardation runs. Except for the indication of relay drop-out
delay, these runs are essentially the same as those shown previously in
Figure 36. The one point that is highlighted in these runs is the vari-
ation in drop-out delay and the magnitude of the delay itself. With
any appreciable braking current, the travel during the delay exceeds the
braking travel. The relay time lag averaged .056 seconds which represented
a 3.7 degree error travel at saturation velocity. Also the variation in
drop-out (which is counted from the opening of the relay control con-


















travel. Thus, at best, it could be predicted that the dead zone travel
due to relay drop-out time lag would be 3.5 degrees plus or minus 0.5 de-
grees. On all future runs it was assumed that the dead zone delay time
travel was 3.5 degrees at saturation velocity. This does not account for
the effect of delay time upon those runs which were to be made where the
step input was insufficient to allow the motor-load unit to velocity sat-
urate. At this point it was assumed that any run, which was made so that
relay drop-out occurred at less than saturation velocity, would dead beat
with less error travel. This assumption was based on the fact that
error travel at a lower than saturation velocity would be less for the
same time delay than that at saturation velocity. It will be shown that
this assumption was not valid.
a. Direct Current Braking
For the retardation runs a maximum direct current for braking
of 350 ma. was used. This gave a maximum braking torque about equal to
the starting torque for the motor. Thus runs (48) through (51) were made
with 350 ma. The retardation curve of Figure 38 was used to predict
dead zone travel and the gain constants were calculated for the various
amplifiers and potentiometers. The theory of these calculations is shown
in Appendix A and a sample in Appendix B. Basically this involves match-
ing the drop-out switching locus slope with the braking line slope (this
is governed by tach feedback) and minimizing the dead zone (governed by
the gain).
The results of these four runs from a step input of 20 degrees down
to a step input of 5 degrees is shown in Figure 39. The most obvious de-
viation from predicted results is the wide spread in the dead beat error
position. This varies from - 1.1 degrees to - 2.7 degrees or is a 1.6
degree spread. Part of this variation can be explained by drop-out delay





for a one degree spread. It should be noticed that the 20, 15, and 10
degree runs do fall within the predicted variation. Also it should be
noted that the 5 degree step run, which did not produce velocity satura-
tion, did not dead beat with the least error as assumed earlier but with
the most. Thus it can be assumed that the 5 degree step run is the one
that provides the discrepancy in the dead beat error spread. Also it is
worthy to note that the previous assumption about less than velocity
saturating steps is not valid. The reason for this may be found in an
analogy to the reasoning followed by McDonald (3) for essentially the
same observation. The extended dead beat position occurred for low
order steps in a study wherein dynamic braking- of a D.C. shunt motor is
accomplished by use of a shunting resistor. He allowed that at velocity
saturation the current in the motor armature was less than for velocities
lower than saturation. This armature current must then be reversed in
braking. Thus at low velocities the delay in build up of the braking
force was longer. At low speeds the torque is greater and the rotor cur-
rents are larger than at high speed. The dissipation of these currents
and the build up of the stationary field induced currents logically re-
quires a longer period of time for the lower speeds. Hence the apparent
inductive effect, which produces the curvature of the trajectory in the
phase plane plot before the onset of linear braking, acts for a longer
period of time. Thus the dead zone error travel is increased for step
inputs that do not cause velocity saturation.
It should be noted that the slope of the trajectories under full




b. Control Short Circuit Braking
Figures 40 and 41 show the test results of runs (52) through
(59). Runs (52) through (55) were made with a capacitor across the con-
trol winding of 1.5 micro-farads. Runs (56) through (59) were made with
a small resistor shorted across the control field winding. The small re-
sistor was used instead of a dead short to prevent excess current flow in
the 400 cycle supply circuit in case the shorting contacts closed prior
to the opening of the control contacts.
The capacitance short runs follow the results expected when the
drop-out delay and the low order step effect are taken into account. The
runs made at 20, 15, and 10 degrees all dead beat just inside the reverse
pull-in point. The 5 degree step did overshoot and pull-in reversed. As
noted a half oscillation occurred with final dead beat at zero error.
This point of final static position was not predicted*
The resistance short runs of Figure 41 show the poorest results
with considerable deviation of trajectory slope from the precalculated
slope. Also there is some divergence of trajectories among the individual
runs. The 20 and 10 degree step runs were practically identical showing
considerable curvature as with coulomb friction acting. However, the
15 degree step run was more nearly parallel to the switching loci and
shows less coulomb friction effect. Again the 5 degree step produced an
overshoot and dead beat'with zero error. The reason for the lack of
similarity among these runs is not definitely understood at the present
time. It is believed that the shorting contacts did not close on runs
(56), (58), and (59) since the trajectories of these runs parallel an
open circuit trajectory. In general, however, it can be said that a







to choose from between the two types of braking. In a system that used
a faster acting relay than was available here, the advantage of having
the braking implement already in the circuit in the form of the capac-




To examine the effect of dynamic braking and tach feedback
on the limit cycle obtained when a ramp input is used instead of a step,
three additional runs were made. These three runs are shown in Figures
42 and 43. In Figure 42 run (62) shows the limit cycle attained with a
minimum dead zone for which the system does not overshoot. No tach feed-
back was employed. No braking was used. The ramp input velocity was
1.58 degrees per second. The maximum S was 4.58 degrees per second.
Run (61) shows the change in the limit cycle with a braking current
of 350 ma. introduced at the relay drop-out. Run (60) in Figure 43 shows
the change in the limit cycle when tach feedback and d.c. braking are
both employed.
Table I below shows the variation in frequency of oscillation,
error deviation, error rate deviation, and minimum dead zone for the
three operating conditions. The percentages shown are in comparison
to the values obtained from run (62).
For the ramp input only two changes were necessary in the physical
setup from that shown in Figure 18. The ramp input, obtained from a
Hewlitt-Packard oscillator, replaced the step input, and it was necessary
to feed into the second amplifier a signal proportional to w. The
second change was necessary because with a ramp input the error rate







system constants are also shown in Appendix A and Appendix B.
TABLE I
FREQUENCY ERROR ERROR RATE
RUN Cycle /Sec MINIMUM DEAD ZONE DEVIATION DEVIATION
62 1.28 4.07 5.74 3.75
61 2.36 (+84.57.) 3.45 (-15.25%) 4.01 (-30.2%) 3.75 (0.0%)
60 3.73 (+191.5%) 3.22 (-26.4%) 2.10 (-63.3%) 3.25 (-13.1%)
4. Conclusions
The conclusions fall into two categories. The examination of the
three two phase induction servomotors under various braking conditions was
done to obtain a servo which produced a particular type curve on the phase
plane plot. That is, it was desired that the slope of the braking curve
of the motor load unit in the dead zone of the relay be constant. The
second phase of the investigation was the development of the servo and
examination of its response characteristics to verify the theory intro-
duced in Chapter III.
From the induction motor braking tests it was concluded that:
a. Direct current may be used for dynamic braking of the two
phase induction servomotor. Braking torques equal to and greater than
motor starting torque are obtainable with no difficulty.
b. When the maximum braking torque developed is approximately the
same as the starting torque for the motor, as normally energized, the
shape of the braking torque speed curve is an inverted mirror image of
the motoring torque speed curve. Thus the linearity of the motoring tor-
que speed curve as supplied by the manufacturer can be used as an indica-
tion of the usefulness of a motor for the type of relay servo proposed.
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c. If the maximum braking torque developed by direct current brak-
ing is of the same order of magnitude as the starting torque, the effect
of coulomb friction on the retardation of the motor-load combination is
negligible.
d. Short circuit braking, either capacitive or direct, produces
nearly linear braking torque-speed curves regardless of the Shape of the
motoring torque speed curves. The magnitude of the braking torque in
the two cases is nearly equal.
e. The linearity of the torque speed curve, which is an indication
of the relative magnitude of rotor resistance, may be used to predict the
single phasing tendencies of the motor. If the motoring curve is nearly
linear, the motor will not single phase when the rotor is made to turn
at any speed.
From the response curves of the servo on the phase plane, with
employment of dynamic braking in the dead zone of the relay, it was con-
cluded that:
a. The relay servo may be made to dead beat at a predicted static
error position.
b.'The minimum dead zone, as controlled by the gain of the system,
is limited by the relay drop-out delay and the inductive effect of the
braking circuit.
c. The use of dynamic braking and tachometer feedback decrease the
error deviation, the error-rate deviation, and increase the frequency
of the limit cycle response of the relay servo to a ramp input.
5. Recommendations for Future Study
It is recommended that further study be made of the relay servo
using dynamic braking of the two phase induction servomotor in the relay
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dead zone. This study is thought advisable because of the possibility of
enhancing the use of the relay servo as a practical system.
More attention should be given to the overshoot caused by small step
inputs. As explained in the discussion of the experimental results, step
inputs which do not cause velocity saturation may cause the system to
overshoot. This is due to the increased drop-out time delay as introduced
by the motor inductive effects. It may be assumed that even smaller
steps--in the limit, the smallest that will allow relay pull-in--may
tend to create a magnitude of inductive delay sufficient to produce a
limit cycle.
Referring back to Figures 40 and 41 for short circuit braking the
overshoot at a five degree step may be noted. However, it would have been
possible to cause relay pull-in with a 2.6 degree step and the results
may have been as shown in Figure 44 below.
s + £_Jr" (de5 r&s s ]
FIGURE 44 - POSSIBLE RESPONSE TO VERY SMALL STEP INPUTS
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If, as shown in Figure 44, the overshoot is more drastic for the
smallest actuating step, the response may be one of three forms. The
system may dead beat with only one overshoot as in A, as did the five
degree step run, or it may dead beat after one or more oscillations.
If, however, the first overshoot produces a pull-in in the initial direc-
tion so that the error. axis is crossed at the same point that the step
originated from as in B, then the limit cycle will be formed. A char-
acteristic of the relay used in the experimental setup that places
this point in doubt is the excessive drop-out and pull-in time delays
due to the movement of the parts of the relay. This can be seen in the
extensive travel of the five degree run parallel to the pull-in switching
locus. Full-in occurred near zero velocity. Thus the results obtained
are not considered adequate to fully predict the action of the relay
servo under small step inputs. It is believed that practical utiliza-
tion of an otherwise sound servo system will be hindered without further
investigation.
Several possibilities are available for refining the investigation
methods. The simplest is to use a relay with considerably less inherent
time delay in the making and braking of the a.c. circuit. Also the relay
used should be designed with braking contacts that close immediately on
the opening of a.c. contacts. With the relay used it was necessary to
modify the relay in an attempt to accomplish this, and in so doing the
inertia of the moving parts was increased, adding to the delay time.
Frequently during the test runs the data presented some difficulty in
reduction due to the fact that error change during delay was about equal
to the error change under the braking load. And at best the wideness of
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ative sense. For this investigation a complete relay simulator would
be required along with the electronic circuitry needed to control the
control phase voltage for motor rotation in both directions and to add
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DETERMINATION OF RELAY SERVO CONSTANTS
1. Step Input
Figure 45 is a schematic of the proposed relay servo showing
the constants that require determination.
KK,rSi-Kt «trt E « ^
FIGURE 45 - PROPOSED RELAY SERVO
If the relay drops out at a voltage represented by V . then at drop
out,
KK.rE + K.Kt- r.E = V Aill d (69)
For the servo shown in Figure 45 the following sign convention is
assumed:
a. K.
, K, and Kt are negative quantities, so that at the output
of the first amplifier KE is a negative potential if error is positive.
And - KtE is a positive potential if E is a positive potential. K and K
are negative due to the characteristics of the amplifiers and Kt is made





and Kt are normally not variable, once a value has been
selected, while r and r. may be varied from to 1, being helical potentio*
meters.
It is desired to set up the servo so that: (1) the drop-out
switching locus will be parallel to a predicted dead zone trajectory
of the motor-load combination, and (2) the servo will dead beat at a
specified error position assuming drop-out is ideal. This discounts any
time delay and inductive effects.
For a relay servo which undergoes discontinuous viscous braking in
the dead zone, the dead zone differential equation is, ignoring coulomb
friction,
JE + fE + ICE = (70)
Then the phase plane trajectory has the slope given by
E/E dE/dE •M (71)
For a given motor, gear train, tach and load combination the only variable
is K,, which is constant for a given braking current. The right hand side
of Equation (71) is determined by the retardation tests and is designated
m , the slope in the phase plane that the switching locus is required to
match.
Figure 46 is a sample retardation curve obtained when 350 ma. direct
current was used for braking.
1.75
position
FIGURE 46 - A SAMPLE RETARDATION CURVE
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Since it is desired that the phase plane plot of the switching locus
parallel this trajectory, then it is required that the slope of line AB in
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FIGURE 47 - COINCIDENCE OF PHASE PLANE TRAJECTORY
AND SWITCHING LOCUS
When a positive error is introduced into the servo the motor-load
unit will be accelerated to saturation velocity, if the rate of error re-
duction is low enough. However, if the step is not large enough, or if
the response is rapid then drop-out may occur before saturation velocity
can be reached. Then the trajectory would be shown by curve 2 in
Figure 47. Whether or not saturation velocity is reached has no bear-
ing on the calculations of the switching locus slope or the dead zone
parameters as long as the tachometer output is linear with velocity.























Inspection of (73) shows that when the tach feedback is zero
(Ktr. = 0), then m .is infinite and the switching locus is vertical.
To rotate the switching locus counterclockwise as shown in Figure 47,
it is merely necessary to increase Ktr.. Since Kt is a constant, r. must
be increased to obtain the desired feedback and rotation of the switch-
ing locus.
If the slope of the retardation curve expected to be duplicated
is given by m , then to obtain this slope,
m = m._ = ,,,_ (74)
r AB Ktr. v '
So far in this discussion K and r have been held constant.
To obtain the rest position, A, in Figure 47, Equation (69) is
manipulated so that



















In a practical system E cannot be the intersection of the switching
locus and the E axis due to relay drop-out delay and inductive effects.
If these terms are represented in error position units as e . and e^^ then
E / = E + e and e , where E is the position change of the motor-load
combination under braking and E' is the actual rest position. Then E^ is




Thus the requirements expressed above are completed by use of Equations
(74) and (76). An example of the calculations is given in Appendix B.
If it is desired to alter the dead zone width so that E A is reducedA
to E , it is seen by (76) that r must be increased. The new value of
c
r is designated r . . Since r also appears in (74) the slope of the
switching locus also changes and becomes
Kr
"t --^ (77)
which is more nearly vertical than before. To rotate the switching
locus back to its original desired slope of -Kr/Ktr. it is necessary to














Ktr r /r (80)
or cancelling factors on the right side,
m
cD " " TTTT = mAB (81)
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as desired. Equation (81) seems to indicate that in the actual servo
that a change in dead zone width does not change the slope of the switch-
ing locus. This is not so. Once a change of the dead zone width is made
by varying r to r^ r. must be changed by a factor r /r as shown in (80).
Equation (81) shows that having done this, the slope of the switching
locus before and after dead zone width variation is the same. It should
be noted that since r. does not occur in (76) the slope of the switching
locus can be varied without changing the dead zone width.
Since the magnitude of the error voltage into the second amplifier
is dependent not only on K and r but also on the magnitude of the refer-
ence voltage in the error detector, the variation in dead zone width may
be accomplished by leaving r constant and varying the reference voltage.
However, if 360 degree potentiometers are used in the error detector,
a voltage of 36 volts or some multiple or submultiple of this value, used
as the reference and left constant, with r variable, enhances the ease
with which calculations may be made and with which data form a Brush
Recorder tape may be reduced for plotting.
2. Ramp Input: & . = wt
The schematic for a ramp input is the same as in Figure 45 except
for an additional input to the K. amplifier. This is shown in Figure 48








FIGURE 48 - SECOND AMPLIFIER WITH RAMP INPUT
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The equation for the switching locus at relay drop-out is
rKK^ + r^KtE = V
d (83)
which is the same as (69) for the step input. However, here it must be
recognized that E is represented by w - 6Q and for calculation of
K, K. , r, and r. both w and &a must be known. With this information
substituted for E in the pertinent equations, the calculations of the





CALCULATIONS FOR RELAY SERVO CONSTANTS
1. Step Input
a. Results desired: dead beat error position of zero degrees
when 350 ma. direct current is used for braking.
b. Known constants:
(i) Tach output at saturation velocity 20 volts
(2) Tach saturation velocity 909 RPM
(3) Tach constant, Kt,
(4) Reference voltage
(5) Error detector sensitivity
(6) Retardation slope for 350 ma.
(7) Error change during linear braking, E
(8) Error change during inductive delay, e
(9) Error change during relay delay, e,
(10) Drop-out potential, V,

























-909/1.75 ( .1) = - Kr/20/909^, or
-Kr/r
L










where E' = E. + e, + e. = 3.25 degrees
A A a 1
K
L
Kr 3.4/3.25 (.1) = 10.46
To keep { r { 1
choose K and K = 10, then
r = .105
Then substituting for K and r in (84),
r
L








(1) Relay switching locus for drop-out and error axis
intersection at + 2 degrees.
(2) Slope of switching locus, -E /1.75 degrees
b. Known constants
(1) Ramp input velocity, w, 1.9 volts/sec
(2) Maximum output velocity, 6?„ , 5.5 volts/sec
(3) Relay drop-out potential, V,, 5.6 volts
(4) Error detector sensitivity .083 volts
degree
(5) Tach constant, Kt, 3.46 volts
volt/sec
s
(6) Tach output, max, Kt 9„ , 19.0 voltsN ' r » » max




rKKjE + r^Kt (w - 9 ) Vd (83)








Then at E ,
max
(w - 9. )Kt = (19-1.9 x 3.46) or,
* max
(w -








" 5.6 - (33.6H3.75)(.Q83 ) or
12.43
r^ * .386 (86)
Then for < r < 1 and < r. < 1
i











Diehl, FPE 25-26, 115/115 volts, 400 cycle,
4 pole, 2 phase, Serial B-62376
Diehl, FPE 25-11, 115/75 volts, 60 cycle, 2 pole,
2 phase, Serial C-18709
Kearfott Type R 111-2 -B, 115/115 volts, 400 cycle,
2 phase, Serial K-3039
Tachometer: F.D.-38, Electric Indicator Company
Relay : Four pole, double throw; Sigma Instrument
Company, Type 6FX4C-5000 GD-SIL
Amplifiers : Direct current amplifiers from Boeing Electronic
Analog Computer, Model 7000
Recorder
:
Amplifier, Brush Company, Model Bl-932
Oscillograph, Brush Company, Model BL-202
Potentiometers Linear continuous turn; Helipot Company,
Series G, 10,000 ohms.
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